Let X be an m x n matrix of indeterminates over a field K, A = K[X], and I= Z,(X) the ideal generated by the t-minors of X. The main objects of this article are the Rees algebra 2 = &Y,(A) = @ p"= 0 I' T' c A[ T], T a new indeterminate, and the associated graded ring B = $(A) = @t~ozi/zi+l= 6%/Z&%. The structures of &? and 3 are well-understood in (the simple case t = 1 and) for ideals of maximal minors: t = min(m, n), cf. [BV, Sect. 91 for a detailed discussion. Here we are mainly interested in the much more complicated situation 1 < t < min(m, n).
Finally we derive results corresponding to those on 5? for the subalgebra S of K[X] generated by the t-minors. This is easy since S is a retract of .$I!, a fact which already plays a role in the primary decomposition of Zg.
We use [BV] as a reference for the theory of determinantal ideals. Somewhat contrary to [BV] we mostly restrict ourselves to fields of coefficients; the generalization to (suitable) integral domains, where possible, is left to the reader. We indicate how to transfer the results to ideals of minors of symmetric matrices and pfaftians of alternating ones.
In the following a minor 6 with row indices a,, . . . . a, and column indices b, , . . . . h, is specified by [a,, . . . . a, 1 b, , . . . . h,] ; we call t the size of 6, t = 161. For a graded module A4 over a graded K-algebra A the grade of the irrelevant maximal ideal of A with respect to A4 is called the depth of M.
THE INTEGRAL CLOSURES OF POWERS OF DETERMINANTAL IDEALS
The primary decomposition of the powers (more generally, products) of determinantal ideals was determined in [DEP] for characteristic 0, and generalized in [BV, (10.9 ) (10.13)] as follows:
(1.1) THEOREM. Let B be an integral domain, X an m x n matrix of indeterminates, m < n. Suppose that (min( t, m -t))! is invertible in B. Then In general one only has the inclusion "c " in (1.1 ), and the intersection of symbolic powers is the Z-torsion of B[X] modulo Z,(X)". We say that a field K has exceptional characteristic (for (m, n, t)) if 0 <char K< min(t, m -t, n -t).
The following corollary is the key to our results on the Rees rings and associated graded rings with respect to determinantal ideals:
(1.2) COROLLARY. Let K be a field of non-exceptional characteristic.
Then the ideals I, (X)" are integrally closed.
ProoJ: Since intersections of integrally closed ideals are integrally closed, it is enough to show that symbolic powers of primes P in regular rings are integrally closed. Localizing one may assume that P is the maximal ideal of a regular local ring A. That the powers of such an ideal are integrally closed, is certainly a well-known fact and follows easily from the integrity of gP(A) (which in fact is a polynomial ring over A/P). 1
We will see in (2.5)(c) that one conversely derives the quantitative assertion of (1.1) from its qualitative Corollary (1.2) with almost no effort: Together with an inductive argument, the assumption that all the powers are integrally closed, determines their primary decomposition. In the remainder of this section we want to prove a much stronger statement.
(1.3) THEOREM. Let B he a domain. Then ,i, qy)u-/+l).s) is (the primary decomposition of) the integral closure of I, (A')' in B [ X] (with the same remark in regard to irredundance as in ( 1.1)).
Proof. Let .Z= n;=, Z,(X) ((rPi+')s). Since the iocalizations of B [X] with respect to the ideals Z,(X) are regular local rings (note that B n Z,(X) = 0), the argument in the proof of (1.2) shows that J is integrally closed. Since .ZX Z,(X)", it remains to show that J is integral over Z,(X)". The ideal I= Z,(X)s is finitely generated. Therefore it is enough to exhibit a number e such that J' c Z.Z-'. We will specify e later.
First we need a description of the symbolic powers Z,(A)(k) as given in [BV, (10.4) ]. For a minor 6 of X one puts if 161 <j, otherwise, and for a product 6, ... 6, one lets ~~(6, . ..6.) = Cf=, y,(SJ. Then Zj(X)'k' is the ideal generated by all the products 6, . 6, of minors such that y,(6, . ..6.)>k.
Below we will have to transform a given product P, . . . P, of products Pi of minors, Pie J, in order to apply an inductive argument. The following lemma describes the necessary transformations; its part (a) is [BV, (lO.ll) ], its part (b) is a special case of [BV, (lO.lO) ]-and follows immediately from part (a). (1.5) LEMMA. Let P = 6, .. 6, be a product of minors such that y,(P Proof of (1.5). This is of course a purely combinatorial argument on the functions y,. It can be extracted from the more general considerations in the proof of [BV, (10.9) ]. For the convenience of the reader we give the details. One certainly has y,(P')=y, (P) for j= 1, . . . . 16,l + 1 and y,(P')= y,(P)-1 for j= /6,1 +2, . . . . t. Suppose that yj(P)=(t-j+l)s for some j, 16,/+2<j<t.
Then yi(P)=yi(G,+,...6,) for i=j-1, hence y.i-l(P)-y,(P)=p-q; on the other hand
It follows immediately that 16;l = t for i= q + 1, . . . . p, contradicting the hypothesis 16,l > t. 1
Before we enter the main part of the proof of (1.3) we want to explain its essential step by means of the first nontrivial example. Let t = 2, s = 2, m, n = 4. Then, as is easily seen, J= Z,(Ay4 n (Z,(X) + I,(x)*).
We claim J* = IJ. A system of generators of J is given by (the 4-minor), the products 6,6,, 16;/ =2, and the products 6,6,, IS,1 = 1, Id,\ =3. Among the generators of J" only the products 6,6,6;6;, 16r1 =IS;l= 1, I& = ISi1 = 3 are critical, and after an application of (1.4)(b) ( It is quite clear that this reasoning goes through in general, and the main point is to set up a suitable formal framework for the induction. Let P be a product of minors. Then we write F=6, . ..6., PII 6 I~!+,1 <t, Let now e be a natural number greater than the cardinality of the set of pairs (6,, 6,) 6; a minor of X, and P, , . . . . P, products of minors such that PigJ.
Suppose first that g(P,) = 0 for some i. Then obviously Pi E I. Thus we may assume that g( Pi) > 0 for all i. If d( Pi) = 0 for some i, d(P,) = 0, say, one applies (1.4)(b) to an optimal pair of P, , obtaining an equation
where still Qie J by (1.5), however, g(Qj) < g(P,). So one is left with the case in which d(P,) > 0 for all i. By the definition of e, two of the optimal pairs coincide, P, = P; sg, P, = P; 61, say, 6= [a, ,..., a,1 . ..I. i= [c,, . . . . c,.) . ..I. We may assume that c, $ (al, . . . . a,). With the choice a,, , = c, , (1.4)(a) yields an equation
One substitutes this for SC in P, obtaining Since g(P', ~~2~) < g(P,), the inductive hypothesis with respect to g applies to every term in the second sum, whereas each term in the first sum can be rewritten and it is easy to check that
(a) Theorem (1.3) can be generalized to products Z,,(X) ... Z,,(X); cf. [BV, (10.9) ] for their primary decomposition in non-exceptional characteristics.
(b) Abeasis [Ab] and Abeasis and Del Fra [AD] established results analogous with those of [DEP] for ideals of minors of symmetric matrices and ideals of pfaffians of alternating ones. We have no doubt that their results on primary decomposition can be proved and generalized (in regard to the ring of coefficients) as (1.1) was proved in [BV] and generalized [DEP] . Furthermore one should be able to derive the companion results of (1.3).
NON-EXCEPTIONAL CHARACTERISTICS
In non-exceptional characteristic all the powers are integrally closed, cf. (1.2). Therefore one obtains immediately: (2.1) COROLLARY. Let K be a field of non-exceptional characteristic,
I= I,(X). Then the Rees algebra W,(A) is normal,
Next we want to determine the primary decomposition of 12,(A), in .particular the associated prime ideals of $(A).
In this connection the following lemma is useful. The ideals I.9 and IT%? are isomorphic, and the latter is a divisorial prime ideal. This implies (a). . By induction this shows that there is exactly one associated prime ideal P, of I%? such that P, n A = Zi(X), i = 2, . . . . t, and if Q E Ass Y,(A) does not contain one of the elements X,,, then Q = Pi for some i=2, . . . . t. Thus any Q E Ass $(A) different from P,, . . . . P, has to contain all the elements X,, so Q =) I,(X).@. Now Z,(X)W is a prime ideal by (2.2), and, since t < min(m, n), even a minimal prime ideal of Z9? [BV, (10.16) ]. Thus (a) finishes the proof of (b).
By the same inductive argument it is enough to determine the P, -primary component of I%!, P, = I,(X)9 = A + 9?. Since P, is a divisorial prime, all the primary ideals with radical P, are given by the symbolic powers which by (2.2)(c) coincide with the ordinary ones. So it is enough to observe that 1.9~ Pi, Z.C4! + Pi". ... +n,cl(P,). The problem of course is to find n,, whereas induction as above easily gives n, = (n -t + 1 )(m -t + 1) -2.
(c) In proving (2.3) we only used the qualitative consequence (1.2) of (1.1) and only (1.2) is necessary to extend (2.3) to the powers I= Z,(X)". Now the primary decomposition of Z%?,(A) yields a primary decomposition by retraction, and thus one can deduce (1.1) from (1.2): The primary components with respect to the prime ideals I,(X), j> 1, are known by induction, and (Z,(X)&)k n B[X] = I,(X)k.
(d) Results analogous to those of this section hold in characteristic 0 for ideals of minors of symmetric matrices and ideals of pfaftians of alternating ones as a consequence of the assertions on primary decomposition in [Ab] and [AD] , cf. also (1.6)(b).
CHARACTERISTIC ZERO
In this section we want to apply invariant-theoretic methods in order to improve the results of Section 2 for fields of characteristic 0. Let K be an algebraically closed field of characteristic 0, and G a linearly reductive group over K. Suppose that G acts rationally on an afline domain A over K as a group of K-algebra automorphisms. A has a decomposition into its isotypic components, M, denoting an irreducible G-module of highest weight o. We say that G acts without multiplicities if e, = 1 for all o E Q(A). Let U be the unipotent radical of a maximal torus in a Bore1 subgroup of G. Then A shares many properties with the ring A" of U-invariants of A (cf. [Kr] for a comprehensive treatment). If G acts without multiplicities, A'/ is a semigroup ring isomorphic with K[Q(A)]. As an almost immediate consequence of results of Boutot [Bo] , Brion [Br] , and Hochster [Ho] one obtains the following theorem; it may have been stated elsewhere:
With the hypothesis just introduced assume that A" is isomorphic to a semigroup ring K[H], e.g., let G act without multiplicities. Then the following statements are equivalent: [Kr, p. 190 , Satz] AU is a finitely generated K-algebra, hence H is a finitely generated semigroup. Being cancellative it can be embedded into Z" for some n.
Hochster [Ho] such that there is a Reynolds operator p: K[Z,, . . . . Z,] + S, i.e., an S-module homomorphism p, p 1 S = id. This is equivalent to the fact that S is a direct S-summand of K[Z,, . . . . Z,] . Invoking the main result of Boutot's article [Bo] we conclude that K[H] has rational singularities, in particular is a normal Cohen-Macaulay ring. has rational singularities, too. The crucial argument is now provided by the theorem of Brion [Br, p. lo] : A has rational singularities if AU has rational singularities. 1
The group G = GL(m, K) x GL(n, K) acts without multiplicities on the K-algebra A = K[X] by linear substitutions, cf. [DEP] or [BV, Sect. 111 . A determinantal ideal I= I,(X) and its powers are obviously G-stable. Therefore G acts naturally on the Rees algebra ,~4$ = gl(A). We fix a maximal unipotent subgroup U c G. For each irreducible G-submodule M, of A one has dim, (M,) U = 1, and one may choose an element x, E (M,) u such that H= {xo>o is a semigroup under multiplication, AU = K[H], in fact HEN mi"(m,n) [BV, (11.22) Proof: It is well known that 9,(A) is Cohen-Macaulay along with .%?',(A) and A. Furthermore the CohenMacaulay property of a graded K-algebra is not affected by an extension of the field K of coefficients. Therefore one may assume that K is algebraically closed and apply (3.2). 1 (3.4) Remarks. (a) We have no doubt that (3.3) holds in arbitrary non-exceptional characteristic (but it fails in exceptional characteristic, cf. (4.1) below). There seems to be no way however to go from characteristic 0 to positive characteristic. Nevertheless one should record the following fact: The Hilbert function of the graded K-algebra BI(A) is the same in all non-exceptional characteristics, since each power of I has a K-basis consisting of the standard monomials it contains (since this holds for symbolic powers of the I,(X), cf. [BV, (10.4)] ). In view of (1.3) the correct generalization of (3.3) to all characteristics seems to be that the integral closure of %?,(A) is CohenMacaulay.
(b) By the results of [Ab] and [AD] one immediately obtains the analogues of (3.2) for ideals of minors of symmetric m x m matrices and ideals of pfaffians of alternating ones: GL(m, K) acts without multiplicities in both cases and the ideals under consideration are GL(m, K)-stable.
EXCEPTIONAL CHARACTERISTICS
In this section we want to show by means of an example that the results of the Sections 2 and 3 completely fail over a field of exceptional characteristic. By virtue of [ BV, (10.14) , (g)] in Z[X], X of course being at least a 4 x 4 matrix. Since however (*) [BV, (lO.lO)] , it follows that (*) also holds over a field of characteristic 2. Thus (1.3) implies that the powers of a determinantal ideal over the integers or a field of exceptional characteristic are not integrally closed in general; in particular not all of their primary components can be taken as symbolic powers. ProoJ Let 9=9,(A). The localization argument in the proof of (2.3) which reduces the situation to an ideal of l-minors, shows that 99 [x,'] is an integral domain for the residue class x,, of any of the indeterminates. The considerations of Section 2 now immediately imply that 9 has exactly two minimal primes P, = Z,(X)9 and P2 and that every associated prime ideal different from P, contains all the elements x,,. One has a natural homomorphism from 9 to the "associated symbolic ring" @ ,E ,, Z(i)/Z(i+ ' ), a domain by [BV, (10.7) ]. Obviously P, is contained in its kernel, in particular contains none of the elements [ij 1 UO] *, * denoting leading form.
The depth of a graded K-algebra is not affected by an extension of the field of coefficients. Since such an extension commutes with the construction of 9, we may now assume that K is algebraically closed. We will show below that [ijl uv] * E Z/Z' is a zero-divisor. As in Section 3 one lets the group G= GL(m, K) x GL(n, K) act on K[X] and considers the induced action on 9. The action of G permutes the finitely many associated prime ideals of 99; since G is connected, each of them is G-stable. The K-subspace V generated by the [ijl uo] * is G-stable, too, and as a G-submodule generated by each of the [ijl uo] *. Thus there is an associated prime ideal P of 9 containing F'. As seen above, P has to contain Z,(X)g, too, and therefore all the generators of the irrelevant maximal ideal. This shows depth 9 = 0. Then depth 9 = 1, since the irrelevant maximal ideal of 9 contains the isomorphic ideals I.%? and ITS? and depth 9f/ZTB = mn.
It remains to prove the claim above. (iii) The case m = IZ = t + 1 in which S, is a polynomial ring over K [BV, (10.17) ].
Since S, is even a retract of 9?,(A) we conclude from (3.2) and [Bo] , elementary arguments, and (2.1):
(a) If K is algebraically closed and char K = 0, S, has rational singularities.
(b) Zf char K = 0, S, is Cohen-Macaulay.
(c) Zf K has non-exceptional characteristic, S, is a normal domain.
(5.2) Remarks. (a) If K has exceptional characteristic, S, is not normal in general. As an example we again choose char K = 2, t = 2, X at least a 4 x 4 matrix. The computations in Section 4 show that [ 111] [2 3 4 12 3 41 is in the field of fractions of Sz, and by ( 1.3) it is integral over Z,(X)2. For reasons of homogeneity it must be integral over S,.
(b) It would be desirable to find the defining relations of the algebras discussed, at least in non-exceptional characteristics. As a first step one could try to compute a representation of S,. However, except for the cases listed above and the one to discuss now, we cannot describe a system of generators of the ideal J, defining S, as a residue class ring of a polynomial ring over K in a natural way. The first (and wrong) guess: J, is generated by the relations of the t-minors obtained by equating two expansions of the 2t x 2t "sub'matrices of X (with possibly multiple rows or columns). This is incorrect already for the first case not covered by the examples (i), (ii), (iii). Let m = 3, n = 4, t = 2, and let dj denote the K-dimension of the degree it homogeneous component of S, (degree measured in K[X]). The ideals Z,(X)" are generated by the standard monomials they contain, cf. (c) One can show that S, is factorial only in the cases (i), (ii), (iii) listed above. In the case discussed in (b) it is not even Gorenstein. MACAULAY produced the free resolution over the coordinate ring P of Hom,(AP P', A" W):
(d) The parts (a) and (b) of (5.1) were proved in [BV, ll .E] by a direct application of (3.1).
